Abstract. Let BG be the classifying space of a compact Lie group G. Some examples of computations of the motivic cohomology H * , * (BG; Z/p) are given, by comparing with H * (BG; Z/p), CH * (BG) and BP * (BG).
Introduction
Let p be a prime number and k a subfield of the complex number field C. Let k contain a primitive p-th root of unity. Given a scheme X of finite type over k, the mod p motivic cohomology H * , * (X; Z/p) = m,n H m,n (X; Z/p) has been defined by Suslin and Voevodsky ([Vo1] , [Vo2] ). When X is smooth, the subring H 2 * , * (X; Z/p) = n H 2n,n (X; Z/p) is identified with the classical mod p Chow ring CH * (X)/p of algebraic cyles on X. The inclusion t C : k ⊂ C induces a natural transformation (realization map) t where the bidegree of x ∈ H n (X(C); Z/p) is given by (n, n). If k = C and the Beilinson-Lichtenbaum condition [Vo2] is satisfied for p, then we also have the injection H * (X(C); Z/p) ⊗ Z/p[τ ] → h * , * (X; Z/p). When x ∈ H m,n (X; Z/p), define the weight of x by w(x) = 2n − m. Clearly w(x) = 0 if and only if x ∈ CH * (X)/p. Voevodsky has extended the Steenrod algebra A = H * (X(C)) ⊗ BP * =⇒ BP * (X(C)) has the differential (1.5)
where M i is the ideal of E * , * 2p i −1 generated by elements in (p, v 1 , ..., v i−1 )E * , * 2
We assume here that nonzero differentials are all of the form (1.5) and that H * (X(C)) has no higher p-torsion. Then we easily see that (1.3) implies 
The topological space BG(C) = lim((V − S)/G)(C)
is the usual classifying space BG. Hence we write the C-value points BG(C) simply as BG.
We will show that the isomorphism (1.6) is satisfied when X = BG for the following cases: O(n), SO(4) , D 8 , G 2 , Spin(7) for p = 2, P GL 3 , F 4 for p = 3 and the extraspecial p-group p 1+2 + of order p 3 and of exponent p for odd primes. (However note that H * (Bp 1+2 + ) has p 2 -torsion.) Hence we will prove (1.4) for these BG. Moreover, when k = C and G = O(3) for p = 2, P GL 3 for p = 3 , p 1+2 +
and (Z/p)
n for all primes, we will show that
S. Wilson [RWY] first constructed the decomposition (1.3) so that j C is an isomorphism for X = BO(n), and next computed BP * (BO(n)). However, it is unknown whether j in (1.4) is an isomorphism or not for X = BO(n), n ≥ 4.
The contents of this paper are as follows. The aim of § §2 and 3 is a short introduction to motivic cohomology for algebraic topologists unfamiliar with it. In these sections, we concentrate on the computation of H * (B(Z/p) n ; Z/p). In §4, we deal with the study of h * , * (X; Z/p), making no use of BP * (BG) but Milnor's operation Q i instead. In §5, we give an account of h * , * (BG; Z/p) expressed in term of BP * (BG) . Also in this section we give some results on Ker(t * , * C ). The motivic cohomology of the Eilenberg-MacLane space K (Z/p(n) , n) is studied in §6. In §7, we give some comments on algebraic cobordism theory and algebraic BP -theory.
Finally, we want to express our deep gratitude to Professors Burt Totaro, Tokushi Nakamura, and Toshio Kawashima for their kind help in correcting many errors in the first draft of this paper.
Chow ring, Milnor K-theory,étale cohomology
We use the category Spc of (algebraic) spaces, along with schemes A, their quotients A 1 /A 2 and colim(A α ), all defined by Voevodsky [Vo2] , [MoVo] . Here schemes are defined over a field k with ch(k) = 0. The motivic cohomology is the double indexed cohomology defined by Suslin and Voevodsky, directly related with the Chow ring and Milnor K-theory.
(CH) For a smooth scheme X we have H 2n,n (X) ∼ = CH n (X), the classical Chow group of codim n cycles on X.
(
, the Milnor K-group for the field k. For a smooth variety X with dim(X) = n, the Chow ring is the sum CH * (X) = i CH i (X), where
Here the rational equivalence a ≡ b is defined if there is a codimension i subvariety
, where P 1 is the projective line and p (resp. f ) is the projection on the first (resp. second) factor.
For k = C, if X has a cellular decomposition, i.e., X = X n ⊃ X n−1 ⊃ ... ⊃ X 0 with X i − X i−1 = A nij , where A nij is the affine space of dimension n ij , then CH * (X) ∼ = H * (X(C)), the singular cohomology theory of C-rational points of X. For example, CH * (P n ) ∼ = H * (CP n ) for projective spaces P n . Since Spc contains colimit, we can consider the infinite projective space P ∞ = BG m and the infinite lens space lim
The Chow rings of classifying spaces of abelian groups are given in [To1] :
with deg(y) = (2, 1). For products of these spaces we have
Here note that CH * (X) ∼ = H even (X(C)) for the last case. Even if H * (X(C)) is generated by even dimensional elements, there are cases that CH
Here the addition of k * is given by the multiplication in the field k.
Hilbert's Theorem 90, which essentially says that the Galois cohomology
Similarly we can define a map (the norm residue map) for any extension F of k of finite type,
is the discrete G(F s /F )-module of n-th tensor power of the group of p-roots of 1. The Bloch-Kato conjecture is that this map is an isomorphism for all field k, and the Milnor conjecture is its p = 2 case. This conjecture is solved when n = 2 by Merkurjev and Suslin [MeSu] , and for p = 2 by Voevodsky [Vo1] .
Notice that 
The last cohomology is the usual mod p ordinary cohomology of C-rational points of X. Of course H
The realization map
In this section we consider the relation to the usual ordinary cohomology. Let R be Z or Z/p. The motivic cohomology has the following properties [Vo2] .
(C1) H * , * (X; R) is a bigraded ring natural in X. (C2) When k ⊂ C, there are maps (realization maps)
which sum up to t * , * C = m,n t m,n C , the natural ring homomorphism. (C3) There are the (Bockstein, reduced powers) operations
which commutes with the realization map t C when k ⊂ C.
(C4) For the projective space P n , there is an isomorphism
We recall the Lichtenbaum motivic cohomology [Vo2] . Lichtenbaum defined the similar cohomology H * , * L (X; R) by using theétale topology, while H * , * (X; R) is defined using the Nisnevich topology. Since Nisnevich covers are restrictedétale covers, there is the natural map
) for all m ≤ n + 1 and all smooth X. The Beilinson-Lichtenbaum conjecture is that B(n, p) holds for all n and p. It is known that the condition B(n, p) is equivalent to the Bloch-Kato conjecture (BK) for degree n and prime p. Hence B(n, p) holds for n ≤ 2 or p = 2. Moreover, Suslin and Voevodsky have proved
For a smooth X, the following dimensional condition is known:
For the rest of this paper, we assume that k contains a primitive p-th root of 1 and
and
). In particular, for the real number field R and a local field F v with the residue field k v of ch(k v ) = 2 we have
When k = C, if the B(n, p) condition holds for X, then it is immediate that
where the degree is defined by deg(x) = (m, m) if x ∈ H m (X(C); Z/p). Next we compute the cohomology of P ∞ and BZ/p. For any (algebraic) map f : X → Y in the category Spc, we can construct the cofiber sequence
which induces the long exact sequence (Voevodsky [Ve2] )
In particular, we get the Mayer-Vietoris, Gysin and blow-up long exact sequences. By the cofiber sequence P n−1 → P n → P n /P n−1 and (C4), we can inductively see that
. This also holds for general k [Vo3] . The lens space is identified with the sphere bundle associated with the line bundle
This induces the ring isomorphism for p = odd
However, note that when p = 2 we get x 2 = yτ +xρ [Vo3] , where
We say that a space X satisfies the Künneth formula for a space Y if
By the above cofiber sequences, we can easily see that P ∞ and BZ/p satisfy the Künneth formula for all spaces. In particular, we have the ring isomorphisms
This fact is used to define the reduced power operation P i in (C3). Since a Sylow p-subgroup of the symmetric group S p of p letters is isomorphic to Z/p, we have the isomorphism
If X is smooth (and suppose p is odd, to simplify arguments), we can define the reduced powers (of Chow rings) as follows. Consider maps
where i ! is the Gysin map for the p-th external power, and ∆ is the diagonal map. For deg(x) = (2n, n), the reduced powers are defined as
Voevodsky defined i ! for nonsmooth X also, and by using suspensions maps he defined reduced powers for all degree elements in H * , * (X; Z/p) for all X [Vo3] . Moreover, we can see (Hu-Kříž [HK] ) that
where the Chern class c i with deg(
In this section we assume that X is smooth and k = C. Even in this case the motivic cohomology H * , * (X; Z/p) seems difficult, in general. Hence we consider a bigraded ring which is computable only by using the algebraic topology of H * (X(C); Z/p). Define a bidegree algebra by
Since t * , * C (τ ) = 1, it is almost immediate that there is the injection of bidegree
where the bidegree of x ∈ H n (X(C); Z/p) is (n, n). (This also holds when k ⊂ C and k has a primitive p-th root of 1.)
Suppose the B(n, p) condition holds. By the isomorphisms (B, p), (L-E), (E1) and (E2), we have
Hence we get the injection of bidegree Z/p[τ ]-algebras
Thus there exist a Z/p-basis
We also have the interesting bigraded ring
is additively isomorphic to h * , * (X; Z/p), while the ring structures are different.
Here we recall the Milnor primitive operations Q 0 = β and
Define the weight by w(
Hence there is an element x ∈ H n,n (X; Z/p) with t C (x ) = x. This means w(x ) = n and w (Q i1 ...Q in (x)) = 0. From the above lemma, we get the corollary.
Lemma 4.3. Suppose that B(n, p) holds. If there is an s > 0 with
Proof. Consider the following diagram:
where H * (−) means H * (−; Z) (p) and the rows are exact.
(X), and the map (2) is identified with the realization map. So
On the other hand, 
Here we mention the case n = 1. 
. 
Theorem 4.6. There is the isomorphism
where
Here G k−1 is quite complicated; namely, it is generated by symmetric functions
and if the number of j equal to j u is odd, then there is some s ≤ k such that 2i s + 2 
One interesting problem is whether the above injection is really an isomorphism. The similar decomposition holds for X = (BZ/p) n , and the above injection is an isomorphism. (See Lemma 5.6 below.) The case X = BO(3) is also an isomorphism. Since the direct decomposition of BO(3) ∼ = BSO(3)×BZ/2 is complicated, we only write here that of SO (3):
Since there is the isomorphism O(2n + 1) ∼ = SO(2n + 1) × Z/2, the cohomology of BSO(2n + 1) is reduced from that of BO(2n + 1). However, the situation for BO(2n) is different. In the next section, we will study BSO(4) for details. The extraspecial 2-group 2 1+2n + is the n-th central product of the dihedral group D 8 of order 8. It has a central extension
Here w 2 n is the Stiefel-Whitney class of the real 2 n -dimensional irreducible representation which restricts nonzero on the center, and f = i x 2i−1 x 2i ∈ H 2 (BV ; Z/2) represents the central extension (4.4).
Letting y i = x 2 i in H * (BG; Z/2), we can write f 2 = y 2i−1 y 2i and
. Now we consider the motivic cohomology H * , * (BG; Z/2) and change
2,2 (BG; Z/2), we can see that Q k−1 f = 0 and Q k Q 0 (f ) = 0 also in H * , * (BG; Z/2). However, for general n, y 2i y 2i−1 = 0 in H * , * (BG; Z/2). Let When m = 0, 1, −1 mod 8 and m > 0, we say that Spin(m) is real type [Q] . When Spin(m) is real type, from Quillen, we know that
and h is the Hurwitz number (for details see [Q] ). (4, 6) , w (4,6,7) }.
Corollary 4.9. Let G = Spin(m) be real type with Hurwitz number h, and let
A = (Z/2[c 2 , c 3 , , ..., c m , c 2 h ]/((Q 1 Q 0 w 2 ), ..., (Q h Q 0 w 2 )) ⊗ ∆(w 2 , ..., w m , w 2 h )/(w 2 , Q 0 w 2 , ..., Q h−2 w 2 )) ⊗ Z/2[τ ],
Remark. If t 4,3
C ⊗ Q is epic, then we can take w 4 ∈ h 4,3 (BG; Z/2), i.e., w(w 4 ) = 2.
The kernel Ker(t C ) 2 * , * is not so big for X = BG 2 . Indeed, it is known [Y3] that
, where r = 0 or 1. The cohomology operations are given in H * (BSO (7); Z/2) by Thus we get h * , * (P GL 3 ; Z/3) completely.
Theorem 4.12. Letting w(y 2 ) = 2, we have the isomorphism
Next consider the extraspecial p-group G = p 1+2n + . When n > 2, even the cohomology rings H * (BG; Z/p) are unknown, while it contains the subring [TeY1] (4.8) 
Theorem 4.14. Letting w(x i ) = 1, we have the ring isomorphism
Proof. There is the splitting abelian subgroup (Z/p)
-module generator in the above cohomology, hence also in the cohomology of Bp
We consider the case n = 1 here. Let us write E = p 1+2 + for each odd prime p. The ordinary cohomology is known by Lewis [Ly] , [TeY2] ; namely, 
2 ) and Q 1 e = (y 1 + y 2 )c 2 , order(c 2 ) = 4.
Theorem 4.15. For all primes p, we have the isomorphisms
where w(
Proof. We will prove this only for odd primes, since the proof for p = 2 is similar. Since all elements in H even (BE) are generated by Chern classes, we have the isomorphism h 2 * , * (BG; Z/p) ∼ = H even (BE)/p. We know H odd (BE; Z/p) is generated as an H even (BE)/p-module by two elements a 1 , a 2 such that Q 1 a i = y i c p [TeY2] . The mod p cohomology is written additively,
Here ∂ p is the (higher) Bockstein operator. All elements in H odd (BE) are just ptorsion, and we can take a i ∈ H 2 (BE; Z/p) such that β(a i ) = a i . Thus we take a i ∈ H 2,2 (BE; Z/p) so that a i ∈ H 3,2 (BE; Z/p).
even (BE)/p, and hence we can take w(∂
p (y)) = 1. This completes the proof.
We easily compute the following results.
Corollary 4.16. For each prime p, there is an isomorphism
and if p is an odd prime, then
BP -theory and Ker t 2 * , * C
In this section, we always assume k = C. Even this case it seems difficult to know Ker t C . For Chow rings CH * (X), Totaro found a good way to get nonzero elements in Ker t C . Let M U * (−) (resp. BP * (−)) be the complex cobordism theory (resp. Brown-Peterson theory) with the coefficient ring
such that the composition ρcl is the usual cycle map cl = t 2 * , * C , which is also the realization map.
In this section, hereafter, X is just a topological space, e.g., X(C), to simplify the notation. Since BP
, the similar fact holds for BP -
Then there are cohomology theories P (n) * (−) with the coefficient
Hence there are maps of cohomology theories
such that the composition is the cycle map
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We know that K(n) odd (BG) = 0 for many cases, while Kříž showed K(n) * (BG ) = 0 for some fine group G .
One useful tool for computing BP * (X) is the Atiyah-Hirzebruch spectral sequence [TeY2] , [KY] 
It is known that 
Let us write
where A (resp. B) is a BP * -module generated by nonzero elements in
), so that B ⊂ Ker(ρ p ). We can write
by the prime invariant ideal theorem of Landweber; if
2p s −1 generated by g (n,s) be isomorphic to a P (s + 1) * -free module for s < s. Here note that if
In any case, we can take g (n,s,t) (n,s) . Continuing this argument we can takẽ (n,s1,...,sm) for some (n > s 1 > ... > s m ). 
3). Then there is the injection
Proof. Let H be a Z/p-module generated by elements g (n,s1,...,sm) discussed above. Define the map j C :
Then by the assumption (5.3), x is not a permanent cycle. Hence d 2p i −1 (x) = 0 for some i, and so Q i (x) = 0. Let t be a largest number such that Q it ...Q i1 Q i x =g = 0. Since Q j (g) = 0 for all j, we knowg is a permanent cycle. This elementg ∈ E * ,0 
and the degrees ofK s andG n are even, then the converse also holds.
* -module, that is, i = s + 1 by the Landweber invariant prime ideal theorem, and
Since v i x generates a free BP * -module, x ∈ Im(Q j ) for all j. Hence we get the injection
Let x = Q i1 ...Q i k g n be in the right-hand side of the above injection, and such that 0
is not a permanent cycle, then v i Q i (x) is permanent, so Q i (x) must be inK s and hence x ∈ Q(s)K s ; this is a contradiction. Otherwise Q i (x) =g n generates a P (n) * -module and Q i (x) must be Im (Q j 
Here elements ofK s and D(i) are even dimensional. Hence all odd dimensional elements generate free P (i) * -modules. Note that if i > j, then there are no nontrivial maps from P (i) * -modules to free P (j) * -modules. We also note that there is no possibility that d t (v k x) = v i y for x ∈K s and y ∈ E odd, * t , t < 2p j − 1. Indeed there is the map i * of spectral sequences from that for BP * (X) to that for P (i) * (X); in the last spectral sequence E * , * 2p i −1
Hence the next nonzero differential must be of the form
The last term is computed from Q iKi−1 = 0 and Kerd
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The classifying spaces of groups BO(n), SO(4) , G 2 , Spin(m), m ≤ 9 for p = 2 and P GL 3 , F 4 for p = 3, and (Z/p) n satisfy the assumption of the above lemma. However SO(6) does not satisfy the above lemma [I] .
We will show that the isomorphism (1) with deg(y n ) = 2n. Hence Ideal(y n ) ⊂ Ker(t C ). However, y n is not represented by a Chern class of any representation for n > 2. We also note that BP * (BSO(2n)) are not known for n > 3.
The cases X = BG 2 , BSpin(7) are quite similar to the case X = BSO(4 The infinite term of the spectral sequence for BP * (BSpin (7)) is computed by Therefore we obtain Corollary 5.9. Let w(w 8 ) = 2. Then the cohomology Ih * , * (BSpin (7)) (resp. h * , * (BSpin (7) It is known that 2w 2 , 2w 8 , 2w 4 w 8 are represented by Chern classes but v 1 w 8 is not. However, Totaro has shown that the cycle mapcl is epic for this case also (see [ScY] , [Y3] 
